We study finite sample properties of estimators of power-law cross-correlations -detrended crosscorrelation analysis (DCCA), height cross-correlation analysis (HXA) and detrending movingaverage cross-correlation analysis (DMCA) -with a special focus on short-term memory bias as well as power-law coherency. Presented broad Monte Carlo simulation study focuses on different time series lengths, specific methods' parameter setting, and memory strength. We find that each method is best suited for different time series dynamics so that there is no clear winner between the three. The method selection should be then made based on observed dynamic properties of the analyzed series.
Introduction
Power-law cross-correlations have become a popular and frequently analyzed topic in various disciplines covering seismology [1] , hydrology [2] , (hydro)meteorology [3, 4] , biology [5] , biometrics [6] , DNA sequences [7] , neuroscience [8] , electricity [9] , finance [10, 11, 12] , commodities [13, 14] , traffic [15, 16, 17] , geophysics [18] and others. The analysis is standardly based on an estimation of the bivariate Hurst exponent H xy which is connected to an asymptotic power-law decay of the cross-correlation function or a divergent (again following a power-law) at origin cross-power spectrum. Specifically, a power-law cross-correlated process has the cross-correlation function of a form ρ xy (k) ∝ k 2Hxy−2 for lag k → +∞ and the cross-power spectrum of a form |f xy (λ)| ∝ λ 1−2Hxy for frequency λ → 0+. In a similar way as for the univariate case, the bivariate Hurst exponent of 0.5 is characteristic for no power-law cross-correlations. Processes with H xy > 0.5 are then cross-persistent and they tend to move together whereas for H xy < 0.5 they are more likely to move in opposite directions.
Most of the literature focusing on power-law cross-correlations is empirical and there are no studies of statistical properties of the utilized estimators. Here, we try to fill this gap and we present a broad Monte Carlo simulation study of performance of three popular bivariate Hurst exponent estimators -detrended cross-correlation analysis [19, 20, 21] , height cross-correlation analysis [22] and detrending moving-average cross-correlation analysis [23, 14] . Specifically, we focus on an ability of the estimators to precisely estimate the bivariate Hurst exponent not only under a simple setting of standard power-law cross-correlations when the bivariate Hurst exponent exponent equals to an average of the Hurst exponent of the separate processes but also under potential short-term memory bias and under power-law coherency. The paper is organized as follows.
In Section 2, we introduce all three analyzed estimators. In Section 3, the Monte Carlo simulation setting is described. In Section 4, the results are presented in detail. Section 5 concludes.
Methodology

Detrended cross-correlation analysis
Detrended cross-correlation analysis (DCCA, or DXA) is the most frequently used method for the estimation of the bivariate Hurst exponent in the time domain. Podobnik & Stanley [19] construct the method as a bivariate generalization of the detrended fluctuation analysis (DFA), which is again probably the most popular heuristic method of estimating the (generalized) Hurst exponent [24, 25, 26] . DCCA was further generalized for the multifractal analysis by Zhou [20] and the multifractal detrended cross-correlation analysis (MF-DXA) was developed. Jiang & Zhou [21] altered the filtering procedure in MF-DXA with using the moving averages to create the multifractal detrending moving average cross-correlation analysis (MF-X-DMA). DCCA was also used to construct statistical tests for the presence of long-range cross-correlations between two series [27, 28, 29, 30, 31, 32] .
In the DCCA procedure, we consider two long-range cross-correlated series {x t } and {y t } with t = 1, . . . , T . Their respective profiles {X t } and {Y t }, defined as X t = t i=1 x i −x and Y t = t i=1 y i −ȳ, for t = 1, . . . , T , are divided into overlapping boxes of length s so that T − s + 1 boxes are constructed. In each box between j and j + s − 1, the linear fit of a time trend is constructed so that we get X k,j and Y k,j for j ≤ k ≤ j + s − 1. The covariance between residuals in each box is defined as
The covariances are finally averaged over the blocks of the same lengths s and the detrended covariance is obtained as
For the long-range cross-correlated processes, the covariance scales as
The estimate of the bivariate Hurst exponent is obtained by the log-log regression on Eq. 3. Similarly to DFA and MF-DFA, there are several ways of treating overlapping and non-overlapping boxes of length s, compare e.g. Refs. [24, 26, 33, 34, 35, 36, 37] . In the simulations, we use nonoverlapping boxes with a step between s equal to 10 due to computational efficiency.
Height cross-correlation analysis
Kristoufek [22] introduces the multifractal height cross-correlation analysis (MF-HXA) as a bivariate generalization of the height-height correlation analysis [38, 39, 40] and the generalized Hurst exponent approach [41, 42, 43] , which are often labeled simply as HHCA and GHE, respectively.
MF-HXA is constructed to analyze the multifractal properties of bivariate series similarly to MF-DXA. We generalize the q-th order height-height correlation function for two simultaneously recorded series. Let us consider two profiles {X t } and {Y t } with time resolution ν and t = ν, 2ν, ..., ν⌊ T ν ⌋, where ⌊⌋ is a lower integer sign. For better legibility, we denote T * = ν⌊ T ν ⌋, which varies with ν, and we write the τ -lag difference as
For analysis of power-law cross-correlations, i.e. the case when q = 2, the height-height covariance function is then defined as
where time interval τ generally ranges between ν = τ min , . . . , τ max . Scaling relationship between K xy,q (τ ) and the generalized bivariate Hurst exponent H xy (q) is obtained as
Obviously, MF-HXA reduces to the height-height correlation analysis of Barabasi et al. [38, 39] for {X t } = {Y t } for all t = 1, . . . , T . Note that it makes sense to analyze the scaling according to Eq. 5 only for detrended series {X t } and {Y t } [43] . A type of detrending can generally take various forms -polynomial, moving averages and other filtering methods -and is applied for each time resolution ν separately.
The estimated bivariate Hurst exponent is again obtained via the log-log regression. It has been argued that the best estimates and the most regular scaling is obtained for τ /T → 0 [38, 39] and it has been shown that the most appropriate setting is to use a fixed τ min = 1 and several values of τ max , usually between 5 and 19 (or 20) , and take the average Hurst exponent of these estimates as the best fit to the actual value, which practically means obtaining the jackknife estimate of Hurst exponent [41, 42, 43, 34, 44, 45] .
Detrended moving-average cross-correlation analysis
Detrending moving average (DMA) was proposed as a method for estimating Hurst exponent by Alessio et al. [46] motivated by the work of Vandewalle & Ausloos [47] . Even though the method is not directly connected to the power-law decay of auto-correlations nor to the scaling of variances of the partial sums nor the diverging power spectrum, it has been frequently applied mainly due to its computational efficiency. The connection between the estimator itself and the actual long-range dependence -that the variance of integrated series of the long-range dependent process follows a power-law with respect to the length of the moving window -has been shown numerically [48, 34, 49] .
To check whether the relationship holds also for the scaling of covariances, He & Chen [14] proposed a new method called detrended moving-average cross-correlation analysis (DMCA) as a special case of the method of Arianos & Carbone [23] . Note that this should not be confused with the MF-X-DMA method of Jiang & Zhou [21] , which applies the moving average filtering to the DCCA or MF-DXA methodology, or with 2D-DMA of Carbone [50] .
For two series {x t } and {y t } and their respective profiles {X t } and {Y t }, the detrended covariance F 2 DMCA (κ) is defined as
where X i (κ) and Y i (κ) are respective non-weighted centered moving averages at time point i with a moving average window of length κ = 1, 3, 5, . . . , κ max , where κ max is an odd integer. In general, the specification of the moving average can take various forms (centered, backward, forward, weighted or unweighted). For the long-range cross-correlated processes {x t } and {y t }, we expect to observe
Note that compared to DCCA, the series is not split into boxes which makes the method much more straightforward and computationally efficient.
Monte Carlo simulation setting
We are primarily interested in three aspects of the bivariate Hurst exponent estimation. Firstly, we examine a standard power-law cross-correlations case when the bivariate Hurst exponent equals the average of the separate Hurst exponents. Secondly, we focus on a potential bias caused by the short-term memory. And thirdly, we study the case when the bivariate Hurst exponent is lower than the average of the separate exponents, i.e. the power-law coherency case (see Sela & Hurvich [51] for more details).
For the standard power-law cross-correlations case, we utilize correlated ARFIMA processes. Specifically, the processes {x t } and {y t } are defined as
where a n (d) = Γ(n + d) Γ(n + 1)Γ(d)
.
Specifically, we use the ARFIMA processes with d 1 = d 2 = d with correlated error terms of level ρ εν 1 . The theoretical bivariate Hurst exponent is then equal to H xy = d + 0.5. In the simulation study, we analyze two cases -H x = H y = 0.6 and H x = H y = 0.9 -to cover both weak and strong power-law cross-correlations.
For the short-term memory bias examination, we use a combination of a long-term dependent ARFIMA process and a short-term dependent AR(1) process so that we have
with |θ| < 1. We again work with correlated error terms. In this case, the theoretical bivariate Hurst exponent is equal to H xy = 1 2 d 1 + 0.5 as the process {y t } is only short-term correlated [52] . In the Monte Carlo study, we fix H x = 0.9 and vary θ = 0.1, 0.5, 0.8 to control for weak, medium and strong short-term memory.
For the last case, we utilize the mixed correlated ARFIMA processes [53] defined as 
In the simulation study, we set d 1 = d 4 = 0.4 and d 2 = d 3 = 0.2 so that the theoretical Hurst exponents are equal to H x = H y = 0.9 and H xy = 0.7.
In all cases, we analyze three different time series lengths -T = 500, 1000, 5000 -and we are interested in the effect of the strength of the correlation between the error terms. To do so, we check the finite sample properties for the correlation levels 0.1, 0.5 and 0.9. Additionally, we examine two variants of each estimator -both with and without absolute values in there respective covariance definitions as these slightly vary across the literature. Other parameters of the simulations are specified for each estimator later if necessary. Overall, we are interested in their bias, standard error and mean squared error.
Results
Detrended cross-correlation analysis
Statistical performance of detrended fluctuation analysis has been shown to be dependent on a choice of s min and s max , i.e. the minimum and the maximum scales taken into consideration [54, 48, 35, 34] . In the same way, DCCA can perform differently for various settings. We set s max = T /5, which is standardly done in the literature and we manipulate s min = 10, 20, 50 for T = 500 and s min = 10, 50, 100 for the other two cases, T = 1000, 5000. The results of the simulations for DCCA are summarized in Table 1 -6. For ARFIMA processes with correlated error terms, there are several interesting findings ( Table 1 -2). First, both the original and the absolute value based definitions of DCCA are biased downwards, while the absolute value based version is less biased than the original one. Second, standard deviation of the estimators increases with the increasing s min . Third, for the short series of T = 500, the standard deviations of the original DCCA are much higher than for the absolute value version. Fourth, the original version of DCCA is practically useless for weakly correlated processes as for the case when the correlation between error terms is only 0.1, there are so many cases when the log-log regression could not be performed that it does not make sense to report the results. We shall see that this is true for all the studied methods. Fifth, for the absolute value version of the estimator, the standard deviation increases with the correlation between error terms, which is probably caused by the fact that the absolute value version of the estimator is pushed towards the average of the separate Hurst exponents and the correlation between error terms only disturbs this effect. Sixth, the inverse is true for the original version of DCCA, i.e. the variance of the estimator decreases with the correlation between error terms. Seventh, bias and variance of the estimator decreases with time series length. And eighth, mean squared error decreases with the time series length.
For long-range cross-correlations arising from the combination of ARFIMA and AR(1) processes, the results are summarized in Table 3 -5. In general, both DCCA-based estimators are quite robust to the presence of short-range dependence even for a very strong memory of θ = 0.8. More specific findings follow. First, for the weak short-term memory (θ = 0.1), both estimators are still biased downwards, which is more profound for the original DCCA procedure. Interestingly, the mean squared error decreases with increasing s min for both estimators which is rather unexpected as the short-range dependence usually mostly affects the lower scales. Variance of the original estimator is higher than for the absolute value version of the estimator. Again, the original DCCA estimator performs very poorly for the lowest values of correlation between error terms and it is not reported for any of the processes. Second, for the processes with more profound short memory, we observe an expected behavior of bias -it reduces with the increasing minimum scale s min . However, the variance of the estimator increases with s min so that it more than offsets the bias gains and the total mean squared error increases with the increasing s min for both versions of the estimator. In terms of a choice of the estimator and parameter setting, we would suggest to use low minimum scale for both versions of the estimator as it provides a good balance between bias and variance. Note that for T = 5000, θ = 0.8 and the strongest correlation between error terms, the mean squared errors of the estimator equal to 0.0033 and 0.0036 for s min = 10 for the original version and the absolute value version of the estimator, respectively, and does not increase markedly for the other minimum scales, and the DCCA estimators are thus very robust to the potential short-term memory bias.
The situation changes for the mixed-correlated ARFIMA processes (Table 6 ). Disturbingly, the estimates based on the original version of DCCA are not able to estimate H xy very frequently even for the correlation between error terms of 0.5, due to the number of cases when the detrended covariances are negative for several scales. We thus provide the results only for the absolute value version of DCCA. First, the bias increases with the time series length and the estimator is thus not consistent. Second, the bias and variance, and thus also mean squared error, of the estimator increase with increasing s min . Third, the bias decreases with the strength of correlations between error terms. Unfortunately, this decrease is only mild. The estimator is thus not a very good tool to estimate H xy if it is not equal to the average of the separate Hurst exponents.
Height cross-correlation analysis
For height cross-correlation analysis, we are mainly interested in its performance using various maximum scales τ max . As a starting point, we use τ * max = 20, which is frequently suggested in the literature [41, 42, 43, 44, 22] . Moreover, we check the maximum scales of 50 and 100. To obtain more stable estimates of the bivariate Hurst exponent, we apply the jackknife procedure which estimates the Hurst exponent as a mean of Hurst exponents estimated using τ min = 1 and τ max = 5, . . . , τ * max . The simulated processes are the same as for DCCA methods and the results are summarized in Table 7 -12.
For correlated ARFIMA processes (Table 7 -8), we observe that both versions of the estimator are downward biased and the bias is more severe for stronger long-range cross-correlations. For lower levels of correlations, i.e. the lower correlations of error terms, the original (absolute value based) approach strongly outperforms the adjusted version. However, the differences become negligible for the error terms correlation of 0.9. In general, it holds that the bias is more severe and the variance of the estimators increase with increasing τ * max . Similarly to the DCCA estimators, we find that the behavior of variance of the estimators differs for the two approaches. For the absolute value based HXA, the variance slightly increases with the correlation of error terms while the opposite is true for the alternative specification, which is indeed more desirable and intuitive. The interpretation is the same as for DCCA -the absolute value approach to the time domain approaches pushes the estimates of the bivariate Hurst exponent to the average of the separate Hurst exponents, which is obviously not desirable. Nonetheless, the bias and variance of both versions of the estimator decrease with the time series length.
The HXA method is quite robust to the short memory bias as is shown for the combination of ARFIMA and AR(1) processes in Table 9 -11. The properties of the estimators depend on the strength of the short memory component. For weak short memory (θ = 0.1), the properties are practically the same as for the previous cases -bias and variance increase with τ max but decrease with the time series length with the same differences between the original and alternative definitions of the method. For the stronger short memory, we observe that even though the variance of the estimator still increases with τ max , the bias decreases. Such disproportion is the most obvious for the longest analyzed time series length for which the mean squared error decreases with the increasing τ max . Interestingly, the adjusted HXA outperforms the original HXA in a sense of the mean squared error for the longest series length and the strongest correlation between error terms. For the strong short memory with θ = 0.8, both estimators are strongly upwards biased and the bias increases with the time series length for both specifications, making the estimator inconsistent. The variance, however, decreases with the time series length so that the mean squared error remains quite stable with varying length of the series. The adjusted version of HXA outperforms the original absolute value based version in bias but variance-wise, it is the other way around. In terms of the mean squared error, the adjusted version outperforms the original one for this level of short term memory. Table 12 summarizes the results for estimating the bivariate Hurst exponent for the mixedcorrelated ARFIMA processes. We again observe, similarly to the DCCA case, that the estimator is upward biased. The bias increases with the time series length making the estimator inconsistent. Expectedly, the bias decreases with an increasing correlation between error terms. However, the decrease is rather mild. Connection of the bias to the maximum scale used varies for different time series lengths. The variance of the estimator decreases with time series length, increases with the maximum scale and remains practically unchanged for different levels of correlation between error terms. HXA estimator quite easily outperforms the DCCA approach for this type of processes. Note that we again report only the estimates for the original procedure as the method without the absolute values practically collapses in the same manner as for DCCA.
Detrending moving-average cross-correlation analysis
The last estimator we analyze is DMCA for which we vary the highest moving average windowκ max = 21, 51, 101. The results of the Monte Carlo simulations are summarized in Table 13 -18. For weakly long-range cross-correlated processes based on correlated ARFIMA processes (Table 13) , the estimator is unbiased regardless the time series length or other parameters. The variance of the estimator increases with the length of the applied moving average and decreases with the time series length for both specifications of the DMCA method. The variance is in general lower for the absolute value based estimator. Again, we do not report the results for weakly correlated (ρ = 0.1) error terms for the original method as it provides only few actual estimates. For strongly longrange cross-correlated series (Table 14) , the estimator is downward biased. The bias and variance decrease with the time series length for both specifications of the estimator hinting consistency. However, the rate of convergence seems rather slow as the decrease of bias is rather weak among the analyzed time series lengths. The bias also decreases with κ max . Reversely, the variance increases with κ max and the total effect measured by the mean squared error varies with the time series length.
For the processes based on ARFIMA and AR(1), we observe that the short memory bias is not severe for weak short memory (Table 15 ) while there is slight downward bias for the original version of the estimator. The variance of the estimator increases with the moving average window size as does the mean squared error. The bias, variance and mean squared error decreases with time series length for all cases. For the medium and strong short memory (Table 16- 17) , the bias increases considerably and it becomes much higher than for the DCCA and HXA methods. Quite expectedly, the bias decreases with the maximum moving average window size for both medium (θ = 0.5) and strong memory (θ = 0.8). This is due to a stronger effect of short memory on the lower scales and thus lower moving average window sizes. In the same manner, the variance of the estimator increases with κ max . The total effect results in the decreasing mean squared error with the maximum moving average size. Importantly, the DMCA estimates do not show a decreasing tendency of the bias with the increasing time series length.
For the mixed-correlated ARFIMA processes (Table 18 ), we observe that the bias and variance decrease with the time series length but increase with κ max . The bias also decreases with increasing correlation between error terms while the variance increases slightly. DMCA strongly outperforms both DCCA and HXA in this aspect.
Conclusion
We present a wide Monte Carlo simulation study focusing on various versions of power-law cross-correlations. Three estimators are analyzed, namely the detrended cross-correlation analysis (DCCA), height cross-correlation analysis (HXA) and detrending moving-average cross-correlation analysis (DMCA). We study various specifications of underlying processes including long-term memory, short-term memory and power-law coherency. Summarizing and comparing the performance of the three estimators, we find the following.
Firstly, the performance of all methods is dependent on the selection of parameters s, τ and κ. Secondly, the DCCA and HXA methods are downward biased for standard power-law crosscorrelation case while DMCA reports satisfying results. Thirdly, DCCA outperforms the other two methods in resistance to the short-term memory bias and DMCA is by far the worst in this aspect. And fourthly, DMCA strongly outperforms the other two methods in the power-law coherency case. Each method is thus better suited for different types of processes and this should be taken into consideration when selecting the proper method for any analysis of power-law cross-correlations. 
